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.
Abstract
We discuss a confluence from Siegel-Whittaker functions to Whittaker functions on
$Sp(2, \mathrm{R})$ by using their explicit formulae. In our proof, we use expansion theorems of the
good Whittaker functions by the secondary Whittaker functions.
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For $a\in \mathrm{C}$ and $n\in \mathrm{Z},$ $(a)_{n}=\Gamma(a+n)/\Gamma(a)$ the Pochhammer symbol. For complex
numbers $a_{i}(1\leq \mathrm{i}\leq r)$ and $b_{j}(1\leq j\leq s)$ , set
$\Gamma[a_{1}, \ldots, a_{f}]=\prod_{i=1}^{r}\Gamma(a_{i})_{\uparrow}$ $\Gamma\{\begin{array}{llll}a_{1} \cdots \cdots a_{r}b_{1} \cdots ’ b_{s}\end{array}\}= \prod_{i=1}^{r}\Gamma(a_{i})/\prod_{i=1}^{s}\Gamma(b_{i})$ .
1 Preliminaries
1.I Basic notions
Let $G$ be the real symplectic group of degree two:
$G=Sp(2, \mathrm{R})=\{g\in SL(4, \mathrm{R})|{}^{t}gJ_{2}g=J_{2}=(\begin{array}{ll}0 1_{2}-1_{2} 0\end{array})\}$ ,
with 12 the unit matrix of degree two.
Fix a maximal compact subgroup $K$ of $G$ by
$K=\{k(A, B)=(\begin{array}{ll}A B-B A\end{array})\in G|A,$ $B\in M(2,\mathrm{R})\}$ .
It is isomorphic to the unitary group $U(2)$ via the homomorphism
$K\ni k(A, B)-A+\sqrt{-1}B\in U(2)$ .
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Then the set of irreducibie representations of $K$ is parameterized by {( $\lambda_{1}$ , A2) $\in \mathrm{Z}\oplus \mathrm{Z}|$
$\lambda_{1}\geq$ A2} and we denote by $\tau\{\lambda_{1},\lambda_{2}$ ) $=\mathrm{S}\mathrm{y}\mathrm{m}^{\lambda_{1}-\lambda_{2}}\otimes\det^{\lambda_{2}}$ the representation corresponding to
$(\lambda_{1)}\lambda_{2})$ .
We deftne two spherical subgroups $R_{i}$ of $G$ and their representationes. The first one is a
maximal unipotent radical of $G$ given by







Any unitary character $\eta_{1}$ of $R_{1}$ can be written as
$\eta_{1}\langle n(n_{0}, n_{1}, n_{2}, n_{3}))=\exp(2\pi\sqrt{-1}(c_{0}n_{0}+c_{3}n_{3}))$
with some $c_{0},$ $c_{3}\in$ R. In this paper we assume $\eta_{1}$ is non-degenerate, that is, $c_{0}c_{3}\neq 0$ . Taking
a maximal split torus $A$ of $G$ by
$A=$ { $a$ ( $a_{1}$ , a2) $=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a_{1}$ , a2, $a_{1}^{-1}$ , $a_{2}^{-1})|a_{i}>0$},
we have the Iwasawa decomposition $G=R_{1}AK$ .
The second spherical subgroup $R_{2}$ is defined as follows. Let $Ps=Ls\mathrm{K}Ns$ be the Siegel
parabolic subgroup with the Levi part $L_{s}$ and the abelian unipotent radical $Ns$ given by
$L_{S}=\{(\begin{array}{ll}A 00 {}^{t}A^{-1}\end{array})|A\in GL(2, \mathrm{R})\}$ ,
$Ns=\{n(0, n_{1}, n_{2}, n_{3})|n_{1}, n_{2}, n_{3}\in \mathrm{R}\}$ .
Fix a non-degenerate unitary character $\xi$ of $Ns$ by
$\xi(n(0, n_{1}, n_{2}, n_{3}))=\exp(2\pi\sqrt{-1}\mathrm{T}\mathrm{r}(H\xi T))$
with $T$. $=(\begin{array}{ll}n_{1} n_{2}n_{2} n_{3}\end{array})$ , $H_{\xi}=(\begin{array}{ll}h_{1} h_{3}/2h_{3}/2 h_{2}\end{array})\in M(2, \mathrm{R})$ and $\det H\xi\neq 0$ . Consider the action
of $Ls$ on $Ns$ by conjugation and the induced action on the character group $I\overline{\mathrm{V}s}$ . Define SO $(\xi)$
to be the identity component of the subgroup of $Ls$ which stabilize $\xi$ :
SO $(\xi):=\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{b}Ls(\xi)^{\mathrm{o}}=\{(\begin{array}{ll}A 00 t_{A^{-1}}\end{array})|{}^{t}AH_{\xi}A=H_{\xi}\}$ .
Then SO(\mbox{\boldmath $\xi$}) is isomorphic to SO (2) if $\det H\xi>0$ and to $SO_{O}(1,1)$ if $\det$ H4 $<0$ . In this
paper we treat the case that 4 is a ‘definite’ character, that is, $\det H\xi>0$ . So we may assume
$h_{1},$ $h_{2}>0$ and $h_{3}=0$ without loss of generality. We sometimes identify the element of SO $(\xi)$
with its upper left $2\cross 2$ component. Fix a unitary character $\chi_{m_{0}}(m_{0}\in \mathrm{Z})$ of SO $(\xi)$ ; SO (2)
by
$\chi_{m0}((\sqrt{h_{1}} \sqrt{h_{2}})(\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\theta \mathrm{s}\mathrm{i}\mathrm{n}\theta-\mathrm{s}\mathrm{i}\mathrm{n}\theta \mathrm{c}\mathrm{o}\mathrm{s}\theta\end{array})(\sqrt{h_{1}} \sqrt{h_{2}}))=\exp(\sqrt{-1}m_{0}\theta)$ .




For the pair $(R_{i}, \eta_{i})$ defined as above, consider the space $C_{\eta i}^{\infty}(R_{f}\backslash G)$ of complex valued $C^{\infty}$
functions $f$ on $G$ satisfying
$f(rg)=\eta_{i}(r)f(g)$ for ali $(r,g)\in R_{i}\mathrm{x}G$ .
By the right translation, $C_{\eta_{\tau}}^{\infty}(R_{\dot{\mathrm{q}}}\backslash G)$ is a smooth $G$-module and we denote by the same symbol
its underlying $(\mathrm{B}\mathrm{c}, K)$-module (gc is the complexification of the Lie algebra of $G$). For an
irreducible admissible representation $(\pi, H_{\pi})$ of $G$ and the subspace $H_{\pi,K}$ of $K$-finite vectors,
the intertwining space
$\mathrm{I}_{\eta_{i},\pi}=\mathrm{H}o\mathrm{m}(\mathfrak{g}_{\mathrm{C}},K)(H_{\pi},,{}_{K}C_{\eta_{\mathrm{t}}}^{\infty}(R_{i}\backslash G))$
between the $(\mathfrak{g}\mathrm{c}, K)$-modules is called the space of algebraic Whittaker functionals for $\mathrm{i}=1_{\}}$
or algebraic Siegel- Whittaker functionals for $\mathrm{i}=2$ . For a finite-dimensional $K$-module $(\tau, V_{\Gamma}’)$ ,
denote by $C_{\eta i,\mathcal{T}}^{\infty}(R_{i}\backslash G/K)$ the space
{ $\phi:Garrow V_{\tau},$ $C^{\infty}|\phi(rgk)=\eta:(r)\tau(k^{-1})\phi(g)$ , for all $(r,g,$ $k)\in R_{i}\mathrm{x}G\mathrm{x}K$ }.
Let $(\tau^{*}, V_{\tau^{\mathrm{r}}})$ be a $I\acute{4}$-type of $\pi$ and $\iota$ : $V_{\tau^{n}}arrow H_{\pi}$ be an injection. Here $\tau^{*}$ means the
contragredient representation of $\tau$ . Then for $\Phi\in \mathrm{I}_{\eta i,\pi}$ , we can find an element $\phi_{\iota}$ in
$C_{\eta_{\dot{\mathrm{t}}},\tau}^{\infty}(R_{i}\backslash G/K)=C_{\eta i}^{\infty}(R_{i}\backslash G)\otimes V_{\tau^{*}}\cong \mathrm{H}\mathrm{o}\mathrm{m}_{K}(V_{\tau^{*}},C_{\eta i}^{\infty}(R_{i}\backslash G))$
via $\Phi(\iota(v^{*}))(g)=\langle v^{*}, \phi_{\iota}(g)\rangle$ with $\langle$ , $\rangle$ the canonical paring on $V_{\tau}\cdot \mathrm{x}V_{\tau}$ .
Since there is the decomposition $G=R_{i}AK$ , our (generalized) spherical function $\phi_{\iota}$ is
determined by its restriction $\phi_{\iota}|_{A}$ to $A$ , which we call the radial part of $\phi_{\iota}$ . For a subspace
$X$ of $C_{\eta\tau}^{\infty}(\mathrm{i},R_{\iota}\backslash G/K)$ , we denote $X|_{A}=\{\phi|_{A}\in C^{\infty}(A)|\phi\in X\}$ .
Let us define two spaces Wh(\pi , $\eta_{1}$ , r) and SW $(\pi, \eta_{2}, \tau)$ of spherical functions and their
subspaces Wh $(\pi, \eta_{1}, \tau)^{\mathrm{m}\mathrm{o}\mathrm{d}}$ and SW $(\pi, \mathrm{y}72, \tau)^{\mathrm{r}\mathrm{a}\mathrm{p}}$ a$\mathrm{s}$ follows:
Wh
$(\pi, \eta_{1}, \tau)=\mathrm{U}_{r(\tau\pi)}.,\{\phi_{\iota}|\Phi\in \mathrm{I}_{\eta_{1\prime}\pi}\}\iota\in \mathrm{H}\circ \mathrm{m}_{\mathrm{A}}$
’
Wh $(\pi, \eta_{1}, \tau)^{\mathrm{m}\mathrm{o}\mathrm{d}}=$ { $\phi_{\iota}\in \mathrm{W}\mathrm{h}(\pi,$ $\eta_{1},$ $\tau)|\phi_{\iota}|_{A}$ is of moderate growth as $a_{1}$ , $a\mathit{2}arrow\infty$ },
$\mathrm{S}\mathrm{W}(\pi, \eta_{2}, \tau)=\cdot\cup\{\phi_{\iota}|\Phi\in \mathrm{I}_{\eta_{2},\pi}\}\iota\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{A}’}(\tau^{*},\pi)$
’
and
$\mathrm{S}\mathrm{W}(\pi, \eta_{2}, \tau)^{\mathrm{r}\mathrm{a}\mathrm{p}}=$ { $\phi_{\iota}\in \mathrm{S}\mathrm{W}(\pi,$ $\eta_{2},$ $\tau)|\phi_{\iota}|_{A}$ decays rapidly as $a_{1\}}$ $a\mathit{2}arrow\infty$ }.
We call an element in Wh $(\pi, \eta_{1)}\tau)$ (resp. SW( $\pi$ , ep2 , r)) a Whittaker function (resp. Siegel-
Whittaker function) for $(\pi, \eta_{i}, \tau)$ .
As we shall see in the next two sections, radial parts of spherical functions satisfy certain
holonomic systems of regular singular type. We call the power series solutions at the regular
singularities of the systems secondary spherical functions, and the elements ofWh $(\pi, \eta_{1} , \tau)^{\mathrm{m}\mathrm{o}\mathrm{d}}$
and SW $(\pi, \eta_{2}, \tau)^{\mathrm{r}\mathrm{a}\mathrm{p}}$ good spherical functions.
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1.3 $P_{J}$-principal series representations
In this section we recall the generalized principal series representations of $G$ associated with
the Jacobi maximal parabolic subgroup $P_{J}$ of $G$ corresponding to the long root. A Langlands
decomposition $P_{J}=M_{J}AJN_{J}$ is given by







$N_{J}=\{n(n_{0}, n_{1}, n_{2}, \mathrm{O})\in N=R_{1}|n_{i}\in \mathrm{R}\}$.
A discrete series representation $(\sigma, V_{\sigma})$ of the semisimple part $M_{J}\cong\{\pm 1\}\cross SL(2, \mathrm{R})$ of $PJ$
is of the form $\sigma=\epsilon \mathbb{H}D_{k}^{\pm}(k\geq 2)$ , where $\epsilon$ : $\{\pm 1\}arrow \mathrm{C}^{*}$ is a character and $D_{k}^{+}$ (resp. $D_{k}^{-}$ )
is the discrete series representation of $SL(2, \mathrm{R})$ with Blattner parameter A (resp. -&). For
$lJ\in \mathrm{C}_{\}}$ define a quasi-character $\exp(\nu)$ of $A_{J}$ by $\exp(\iota/)(a(a_{1} , 1))=a_{1}^{l/}$ . We call an induced
representation
$I(PJ;\sigma, \nu)=C^{\infty}- \mathrm{I}\mathrm{n}\mathrm{d}_{P_{J}}^{G}(\sigma\otimes\exp(\nu+1)\otimes 1_{N_{J}})$
the $P_{J}$ -principal series representation of $G$ .
The $K$-types of $I(P_{J};\sigma, \nu)$ is fully described in [23, Proposition 2.1] and [13, Proposition
2.3]. In particuiar, if $\pi=I(P_{J};\epsilon \mathrm{H}D_{k}^{+}, \nu)$ with $\epsilon(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(-1,1, -1,1))=(-1)^{k}$ (even $P_{J}-$
principal series), then the corner $K$-type $\tau^{*}=\tau(k,k)$ occurs in $\pi$ with multiplicity one.
2 Whittaker functions
2.1 Basic results
Let $\pi=I$ ( $P_{J};\epsilon \mathbb{H}D_{k}^{+},$ p) be an irreducible even $P_{J}$-principal series representation of $G$ with
$\epsilon(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(-1,1, -1,1))=(-1)^{k}$ , and $\tau^{*}=\tau(k,k)$ is the corner A-type of $\pi$ . We first prepare
some basic facts on the Whittaker functions for $(\pi, \eta_{1}, \tau)$ . Throughout this section we use a
coordin ate $x=$ $(x_{1} , x_{2})$ on $A$ defined by
$x_{1}=( \pi c_{0}\frac{a_{1}}{a_{2}})^{2}$ , $x_{2}=4\pi c_{3}a_{2}^{2}$ .
By combining the results of Kostant ([18, \S 6]), Wallach ( $[30_{\}}$ Theorem 8.8]), Matumoto ([19,
Theorem 6.2.1]) and Miyazaki and Oda ([23, Proposition 7.1, Theorem 8.1]), we obtain
Proposition 21 Let $\pi$ and $\tau$ be as above Then we have the following:
(i) We have $\dim \mathrm{I}_{\eta_{1},\pi}=\dim$ Wh $(\pi, \eta_{1}, \tau)=4_{f}$ and a fundion
$\phi w(a)=a_{1}^{k+1}a_{2}^{k+1}\exp(-2\pi c_{3}a_{2}^{2})hw(a)$
on $A$ is in the space Wh(\pi , qr , $\tau$ ) $|_{A}$ if and only if $hw(a)=h_{W}(x)$ is a smooth solution of the




where $\partial_{x:}=xi(\partial/\partial x_{i})(\mathrm{i}=1,2)$ is the Euler operator with rcspect to $xi$ .
(ii) $\dim$ Wh $(\pi, \eta_{1} , \tau)^{\mathrm{m}\mathrm{o}\mathrm{d}}\leq 1$ . Moreover this inequality is an equality if and only if $c_{3}>0$ .
Remark 1. Since [23] treated the case $\sigma=\epsilon \mathbb{H}D_{k}^{-}$ , we need a minor change by using the
explicit formulas of ‘shift operators’ ([22, Proposition 8.3]).
2.2 Explicit formulas of secondary Whittaker functions
In this section we determine the space of smooth solutions of the holonomic system in
Proposition 2.1, therefore the space of the Whittaker functions Wh ($\pi$ , $\eta_{1}$ , r) , explicitly. Set
$h_{W}(a)=h_{W}(x)= \sum_{m,n\geq 0}a_{m,n}x_{1}^{\sigma_{1}+m}x_{2}^{\sigma_{2}+\tau\iota}$
with $a0,0\neq 0$ . Then we have the following difference equations for $\{a_{m,n}\}$ :
(2.3) $( \sigma_{1}+m)\{-(\sigma_{1}+m)+(\sigma_{2}+n)+.\frac{1}{2}\}a_{m,n}+a_{m-1,n}=0$ ,
(2.4) $( \sigma_{2}+n+\frac{k+\nu}{2})(\sigma_{2}+n+\frac{k-\nu}{2})a_{m,n}+\{(\sigma_{1}+m)-(\sigma_{2}+n)+\frac{1}{2}\}a_{m,n-1}=0$ .
Here we promise $a_{m,n}=0$ if $m<0$ or $n<0$ . By putting $m=n=0$ in (2.3) and (2.4), we
can find the characteristic indices
$(\sigma_{1}, \sigma_{2})=(0,$ $\frac{-k\pm\iota\prime}{2}),$ $( \frac{-k\pm\nu+1}{2},$ $\frac{-k\pm\nu}{2})$ .
If $\nu$ is not an integer, we can determine the coefficients $a_{m,n}$ inductively for each case and
thus obtain
Proposition 22. (cf. [29, Proposition $\mathit{2}.\mathit{1}J\mathrm{J}$ For $\nu\not\in Z_{2}$ define the functions $h_{W}^{i}(l/;a)=$
$h_{W}^{i}(\nu;x)$ on $A$ by







$-m+n+ \underline{-k}\pm_{2}\nu \mathrm{B}1\ovalbox{\tt\small REJECT}\underline{-k}\pm_{2}\nu\Leftrightarrow 1\frac{(-1)^{m+n}}{m!n!}$,
$c_{m,n}^{2}=\Gamma\ovalbox{\tt\small REJECT}_{-\nu}^{-n-\nu},$
’
$-m- \frac{k-\nu-1}{2}\ovalbox{\tt\small REJECT}\frac{k-\nu-1n+}{2}\frac{(-1)^{m+n}}{m!n!}$ .
Then the power series $h_{W}^{i}(\nu;x)$ converges for any $x\in \mathrm{C}^{2}$ and the set { $h_{W}^{i}(\epsilon\nu$ ;$ $)$ $|\mathrm{i}=$
$1,2,$ $\epsilon\in\{\pm 1\}\}$ forms a basis of the space of solutions of the system in Proposition 2,1.
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2.3 Explicit formulas of good Whittaker functions
When $c_{3}<0$ , Proposition 2.1 tells us that there is no non-zero moderate growth Whittaker
function. Therefore Jet us assume $c_{3}>0$ in the foltowing discussion. The integral expression
for the Whittaker functions of moderate growth was obtained by Miyazaki and Oda.
Proposition 23. ([$\mathit{2}\mathit{3}_{f}$ Theoxm 8.1]J Let $\pi$ and $\tau$ be as before. Define
$gw(a)=g_{W}(x):=x_{2}^{-1/2} \int_{0}^{\infty}t^{-k+1/2}W_{0,\nu}(t)\exp(-\frac{t^{2}}{16x_{2}}-\frac{16x_{1}x_{2}}{t^{2}})\frac{dt}{t}$,
with $W_{\kappa,\mu}$ the classical Whittaker function. Then the function
$\phi w(a)=a_{1}^{k+1}a_{2}^{k+1}\exp(-2\pi c_{3}a_{2}^{2})gw(a)$
gives a non-zero elernent in Wh $(\pi, \eta_{1} , \tau)^{\mathrm{m}\mathrm{o}\mathrm{d}}|_{A}$ which is unique up to constant multiple.
2.4 Expansion theorem for Whittaker functions
Now we express the moderate growth Whittaker function $gW$ as a linear combination of
$h_{W}^{i}$ .
Theorem 2.4. For $\nu$ ( $Z$, let $h_{W}^{i}(\nu; a)$ and $gw(a)$ be the function defined in Proposition 2.2






Miyazaki ([21]) studied the Siegel-Whittaker functions for $P_{J}$-principal series and obtained
the multiplicity one property and the explicit integral representation for rapidly decreasing
function. As in the previous section, we introduce the coordinate $y=(y_{1}, y_{2})$ on $A$ by
$y_{1}= \frac{h_{1}a_{1}^{2}}{h_{2}a_{2}^{2}}$ , $y_{2}=4\pi h_{2}a_{2}^{2}$ .





where $a\in A$ and $m\in SO(\xi)\cap Z_{I\acute{\backslash }}(A)=\{\pm 1_{4}\}$ . If we take $m=-1_{4},$ $(\chi_{m\mathrm{o}}\otimes\xi)(m)=$
$\chi_{m_{0}}(m)=\exp(\pi\sqrt{-1}m_{0})$ and $\tau(-k,-k\}(m)=1$ imply that $m_{0}$ is an even integer.
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Proposition 31. ([21, Proposition $7.\mathit{2}\mathrm{J}^{\cdot}$ Let $\pi$ and $\tau$ be as in \S 2.1, Then we have the
following:
(i) We have $\dim \mathrm{I}_{\eta_{2},\pi}=\dim \mathrm{S}\mathrm{W}(\pi, \eta_{2}, \tau)\leq 4$ and a function
$\phi sw(a)=a_{1}^{k+1}a_{2}^{k+1}\exp(-2\pi(h_{1}a_{1}^{2}+h_{2}a_{2}^{2}))hsw(a)$




with $\partial_{yi}=y_{i}(\partial/\partial y_{i})$ .
(ii) $\dim \mathrm{S}\mathrm{W}(\pi, \eta_{2}, \tau)^{\mathrm{r}\mathrm{a}\mathrm{p}}\leq 1$ .
3.2 Explicit formulas of secondary Siegel-Whittaker functions
We consider the power series solution of the system in Proposition 3.1 around $(y_{1}, y_{2})=$
$(0,0)$ . In the notation in [16], this is the solution at $Q_{\infty}$ .
Proposition 32. For $\nu\not\in Z$ , set $h_{SW}^{i}(\nu;a)=h_{SW}^{i}(\nu \mathrm{i}y)$ by
$h_{SW}^{1}( \nu;y)=(1-y_{1})^{|m\mathrm{o}|/2}\sum_{m,n\geq 0}c_{m,n}^{1}\Gamma\ovalbox{\tt\small REJECT}^{m-n+}-n+\frac{k+\frac{k+|m_{0}|-\nu}{|m\mathrm{o}|-\nu 2}}{2},$
’
$m \frac{+\frac{|m0|+1}{|+12}1m_{0}}{2}\ovalbox{\tt\small REJECT} y_{1}^{m}y_{2}^{n+(-k+\nu)/2}$ ,
$\ovalbox{\tt\small REJECT}_{W(\nu;y)}$
$=(1-y_{1})^{|m0|/2} \sum_{m,n\geq 0}ccm,n2$
, $m+ \frac{-k+|m_{0}|+\nu}{20|+\nu 2+1},$$+1 \frac{-k+|mn+}{}$ , $m+ \frac{|J7\iota_{0}|+1}{2|+12}\mapsto m\mathrm{o}$ $n \frac{k+|m_{0}|-\nu}{+\frac{k+|m_{0}|-\nu 2}{2}}||$
. $y_{1}^{m+n+(-k+\nu+1)/2}y_{2}^{n+(-k+\nu)/2}$ .
Here $c_{m,n}^{1}$ and $c_{m,n}^{2}$ are the coefficients defined in Proposition 2.2. Then the power series
$h_{SW}^{l}(\nu;y)$ converges $|y_{1}|<1$ and $y_{2}\in \mathrm{C}$ and the set $\{h_{SW}^{i}(\epsilon\nu;y)|\mathrm{i}=1,2, \epsilon\{\pm 1\}\}$ forrns $a$
basis of the space of solutions of the system in Proposition 3. 1 .
3.3 Explicit formulas of good Siegel-Whittaker functions
The integral representation of the unique element in $\mathrm{S}\mathrm{W}$ ( $\pi$ , y72 , r) $\mathrm{r}\mathrm{a}\mathrm{p}|_{A}$ is given by Miyazaki
([21, Theorem 7.5]). For our purpose, however, we need another integral expression for this
function. Inspired by the work of Debiard and Gaveau $([1],[2])$ , we obtain the following Euler









gives a non-zero element in $\mathrm{S}\mathrm{W}(\pi, \eta_{2} , \tau)^{\mathrm{r}\mathrm{a}\mathrm{p}}|_{A}$ which is unique up to constant multiple.
Proof. See $[6, 84]$ . $\square$
3.4 Expansion theorem for Siegel-Whittaker functions
Theorem 3.4. For $\nu\not\in Z_{2}$ let $h_{SW}^{\dot{f}}(\nu;a)$ and $gsw(a)$ be the function defined in Proposition









4.1 Confluence of the differential equations
Theorem 4.1. If we substitute
(4.1) $h_{1}=t^{2}c_{3}$ , $h_{2}=c_{3}$ , $m_{0}= \frac{2\pi c_{0}}{t}$
in the system in Proposition 3.1 and take the limit $tarrow 0_{2}$ then we obtain the system in
Proposition 2, 1.
4.2 Confluence of the secondary spherical functions
Theorem 42. For $\nu\not\in Z$, define the functions $h_{SW}^{i}(\nu, t,\cdot a)(\mathrm{i}=1,2)$ by substituting (4.1)
in $h_{SW}^{i}(\nu,\cdot a)$ . Then
$\lim_{t\prec 0}h_{SW}^{1}(\nu, t;a)=h_{W}^{1}(\nu;a)$ ,
$\lim_{tarrow 0}t^{k--1}’ h_{SW}^{2}(\nu, t;a)=h_{W}^{2}(\nu,\cdot a)$ .
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4.3 Confluence of the spherical functions
Theorem 4.3. Define the function $gsw(t;a)$ by substituting $(\mathit{4}\cdot \mathit{1})$ in gsvv (a). Then
$\lim_{tarrow 0}\frac{gSW(t,a)}{c_{SW}}.=\frac{g_{W}(a)}{c_{W}}$ .
5 Deformation ffom $(R_{2}, \eta_{2})$ to $(R_{1}, \eta_{1})$ and the confluence
In tlis section we expiain the main results in the previous section from the points of view of
deformations and contractions of Lie groups (cf. [3]). This is to $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mathrm{l}\mathrm{y}$ a heuristic background
for the computations in the previous sections.
5.1 From SO(2) to $N_{0}$
We first consider the deformation of two subgroups of $SL(2,\mathrm{R})$ :
SO (2) $=\{(\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\theta \mathrm{s}\mathrm{i}\mathrm{n}\theta-\mathrm{s}\mathrm{i}\mathrm{n}\theta \mathrm{c}\mathrm{o}\mathrm{s}\theta\end{array})|\theta\in \mathrm{R}\}$ ,
$N_{0}=\{(\begin{array}{ll}1 c\mathrm{o} 1\end{array})|c\in \mathrm{R}\}$ .
Under the usual action of $SL(2, \mathrm{R})$ to the upper half plane $\mathfrak{h}=\{z\in \mathrm{c}|{\rm Im}(z)>0\}_{1}$ SO (2)
is the stabilizer subgroup of $\sqrt{-1}$ and $N_{0}$ fixes $\sqrt{-1}\infty$ . Set $zt=\sqrt{-1}/t$ for $t>0.$ Then
$\lim_{tarrow\infty}z_{t}=\sqrt{-1}\infty$ and the stabilizer subgroup StabsL(2,R) $(z_{t})$ of $z_{t}$ in $SL(2, \mathrm{R})$ is
$\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{b}_{SL(2,\mathrm{R})}(z_{t})=\{r_{\theta}(t)=(\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\theta \mathrm{s}\mathrm{i}\mathrm{n}\theta/t-t\mathrm{s}\mathrm{i}\mathrm{n}\theta \mathrm{c}\mathrm{o}\mathrm{s}\theta\end{array})|\theta\in \mathrm{R}\}$
$=(\begin{array}{ll}t^{-1}/2 00 t^{1/2}\end{array})$ SO(2) $(\begin{array}{ll}t^{1}/2 00 t^{-\mathrm{l}/2}\end{array})$ .
For our purpose, we have to move $\theta=\theta(t)$ such as $\sin\theta(t)/tarrow c$ as $tarrow \mathrm{O}$ . Let $\theta(\mathrm{f})=ct$ .
Then
(5. $\cdot$ 1) $r_{\theta\{t)}(t)=(\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\theta(t) \mathrm{s}\mathrm{i}\mathrm{n}\theta(t)/t-t\mathrm{s}\mathrm{i}\mathrm{n}\theta(t) \mathrm{c}\mathrm{o}\mathrm{s}\theta(t)\end{array})arrow(\begin{array}{ll}1 c0 1\end{array})$
as desired.
52 From $R_{2}$ to $R_{1}$
Let $\xi_{t}(t\neq 0)$ be the definite character of $Ns$ associated with $H\xi \mathrm{r}=(\begin{array}{ll}ht^{2} 00 h\end{array})(h>0)$ :
$\xi_{t}(n(0, n_{1}, n_{2}, n_{3}))=\exp(2\pi\sqrt{-1}(ht^{2}n_{1}+hn_{3}))$ .
Then the stabilizer subgroup SO $(\xi_{t})$ is identified with $\{r_{\theta}(t)|t>0\}$ . Therefore if we take
$\theta=\theta(t)=tn0$ as in the previous subsection, (5.1) implies
(5.2) $\lim_{tarrow 0}$ SO $(\xi_{t})=\{n(n_{0},0,0,0)|n_{0}\in \mathrm{R}\}$
in $Ls$ makes up $R_{1}=N$ together with $Ns$ , as we expected.
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5.3 From $\eta_{2}$ to $\eta_{1}$
Define the character $\chi_{m\mathrm{o}(t\rangle}$ of SO $(\xi_{t})$ by
$\chi_{m\mathrm{o}(t)}(r_{\theta}(t))=\exp\sqrt{-1}(m_{0}(t)\theta)$.
and put $\eta_{2,t}=\chi_{m\mathrm{o}(t)}$ $\xi_{t}$ .
$\eta 2,t(r\theta(t)(t)\cdot n(0, n_{1}, n_{2}, n_{3}))=\exp 2\pi\sqrt{-1}(ht^{2}n_{1}+hn_{3})\cdot\exp\sqrt{-1}(m_{0}(t)\theta(t))$ .
Since $\theta(t)=n0t$ , we should take
$m_{0}(t)= \frac{2\pi c_{0}}{t}$ .
Then the right hand side goes to $\exp 2\pi\sqrt{-1}(c_{3}n_{3}+c_{0}n\mathrm{c})$ (after the replacement $h=c_{3}$ ),
and thus combined with (5.2), we obtain
$\lim_{t\prec 0}\eta_{2,t}(r\theta(t)(t)\cdot n(0, n_{1}, n_{2}, n_{3}))=\eta_{1}(n(n_{0}, n_{1}, n_{2}, n_{3}))$.
Remark 2. Our result should be regarded as the investigation of the intertwining spaces:
$\mathrm{H}_{0\mathrm{m}_{(\mathrm{B}\mathrm{c},K\rangle}}(H_{\pi},,{}_{K}C_{\eta 2,t}^{\infty}(R_{t}\backslash G))$
with
$R_{\mathrm{f}}=SO(\xi t)\ltimes N_{s}$ $(t>0)$ .
6 Further comments
We only treat the even $P_{J}$-principal series, however, we also have the same results for the
odd case, that is, $\epsilon(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(-1,1, -1,1))=-(-1)^{k}$ .
In the case of the principal series (induced from minimal parabolic subgroup of $G$), the
holonomic systems of rank 8 for the radial part ofWhittaker functions (resp. Siegel-Whittaker
functions) are obtained in [22] (resp. [21], [16]) and we can prove the same assertion as
Theorem 4.1. However, explicit formulas for secondary spherical functions are 1nown only
for Whittaker functions ([17]), we can not say any more.
The other kinds of spherical functions on $Sp(2, \mathrm{R})$ are studied by Moriyama ([24]) and by
Hirano $([12], \lfloor \mathrm{r}13], [14])$ . The spherical subgroup of [24] is $SL(2, \mathrm{C})$ and of [12], [13] and [14]
is $SL(2, \mathrm{R})\ltimes H_{3},$ with $H_{3}$ the $3$-dimensional Heisenberg group. We hope that similar results
hold between the two spherical functions.
We finally remark on the case of the special unitary group $SU(2,2)$ , which has the same
restricted root system as $Sp(2, \mathrm{R})$ . (Siegel-) Whittaker functions on $SU(2,2)$ are studied
by Hayata and Oda ([10], [8], [9]) and by Gon ([6]). Since their differential equations are
compatible to those of $Sp(2, \mathrm{R})$ , analogous argument seems to be possible.
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